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Abstract. We have shown elsewhere [Tartakovsky and Neuman, this issue (a)] that in
randomly heterogeneous media, the ensemble mean transient flux is generally nonlocal in
space-time and therefore non-Darcian. We have also shown [Tartakovsky and Neuman,
this issue (b)] that there are special situations in which this flux can be localized so as to
render it Darcian in real or transformed domains. Each such situation gives rise to an
effective hydraulic conductivity which relates mean gradient to mean flux at any point in
real or transformed space-time. In this paper we develop first-order analytical expressions
for effective hydraulic conductivity under three-dimensional transient flow through a box-
shaped domain due to a mean hydraulic gradient that varies slowly in space and time.
When the mean gradient varies rapidly in time, the Laplace transform of the mean flux is
local but its real-time equivalent includes a temporal convolution integral; we develop
analytical expressions for the real-time kernel of this convolution integral. The box is
embedded within a statistically homogeneous natural log hydraulic conductivity field that
is Gaussian and exhibits an anisotropic exponential spatial correlation structure. By the
effective hydraulic conductivity of a finite box in such a field we imply the ensemble mean
(expected value) of all random equivalent conductivities that one could associate with the
box under these conditions. We explore the influence of domain size, time, and statistical
anisotropy on effective conductivity and include a simple new formula for its variation
with statistical anisotropy ratio in an infinite domain under steady state.

1. Introduction

Consider Darcy’s law and the transient continuity equation

q~x , t! 5 2K~x!¹h~x , t!
(1)

S
h~x , t!

t 5 2¹ z q~x , t! x [ V

subject to initial and boundary conditions

h~x , 0! 5 H0~x! x [ V (2)

h~x , t! 5 H~x , t! x [ GD (3)

2q~x , t! z n~x! 5 0 x [ GN. (4)

Here V is the flow domain, q is flux, K is a random hydraulic
conductivity field, h is hydraulic head, S is known specific
storage, H0 is a random initial head distribution, H is random
head on Dirichlet boundary segments GD, GN are mean no-
flow Neumann boundary segments, and n is a unit outward
normal to the boundary G, which in turn forms the union of GD

and GN. The functions H0 and H are prescribed in statistically
independent manners. All quantities are defined on a local
support scale v ,, V.

Let the natural log hydraulic conductivity Y(x) 5 ln K(x)
form a statistically homogeneous field with constant mean (ex-

pectation) ^Y(x)& and variance sY
2 . We consider the special

case where sY
2 , 1. It has been shown by Tartakovsky and

Neuman [this issue (a)] that then, to second-order in sY (first-
order in sY

2 ),

^q @2#~x , t!& 5 q ~0!~x , t! 1 ^q ~2!~x , t!& (5)

where

q ~0!~x , t! 5 2KG¹h ~0!~x , t! (6)

and

^q ~2!~x , t!& 5 2KGF¹^h ~2!~x, t!& 1
sY

2

2 ¹h ~0!~x, t!G 1 r @2#~x, t! .

(7)

Here [2] denotes the sum of all terms containing sY raised up
to second power, (n) denotes terms that contain only nth
powers of sY, and KG 5 exp^Y& is the geometric mean of
Y(x). The zeroth-order mean head h(0)(x, t) satisfies (1)–(4)
with K(x) replaced by KG and with H0(x), H(x, t) replaced by
their ensemble means, ^H0(x)& , ^H(x, t)& , respectively. The
second-order mean head correction ^h(2)(x, t)& satisfies

S~x!
^h ~2!~x , t!&

t 5 2¹ z ^q ~2!~x , t!& (8)

subject to homogeneous mean initial and boundary conditions.
The “residual flux” r(x, t) is given to second order by

r @2#~x , t! 5 E
0

t E
V

a @2#~y , x , t 2 t!¹ yh ~0!~y , t! dy dt (9)
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where

a @2#~y , x , t 2 t! 5 KG
2 CY~y , x!¹x¹ y

TG ~0!~y , x , t 2 t! , (10)

CY(y, x) 5 ^Y9(y) Y9(x)& is the spatial autocovariance of Y ,
and G(0) is a zeroth-order Green’s function. The Green’s
function G(0)(y, x, t 2 t) is obtained in the same manner as
h(0) but with a Dirac delta source d(x 2 y)d(t 2 t) subject to
zero initial and boundary conditions.

In this paper we develop analytical expressions for uncondi-
tional effective hydraulic conductivity under three-dimensional
transient flow through a box-shaped domain due to a mean
hydraulic gradient J(t) that is spatially uniform but varies
either slowly or rapidly in time. The box is embedded within a
statistically homogeneous natural log hydraulic conductivity
field Y that is Gaussian and exhibits an anisotropic exponential
autocorrelation structure. Then ^h(2)(x, t)& [ 0 and, when
J(t) varies slowly in time (has a negligibly small time deriva-
tive), one can approximate (9) by the local expressions [Tarta-
kovsky and Neuman, this issue (b)]

r @2#~x , t! < k @2#~x , t!J~t! (11)

^q @2#~x , t!& < 2Keff
@2#~x , t!J~t! . (12)

Here

k @2#~x , t! 5 KG
2 E

0

t E
V

CY~y , x!¹x¹ y
TG ~0!~y , x , t 2 t! dy dt

(13)

is a symmetric positive-semidefinite tensor (dyadic) and

Keff
@2#~x , t! 5 KGF 1 1

sY
2

2 G I 2 k @2#~x , t! (14)

is a symmetric positive-definite dyadic, I being the identity
matrix. Note that quantities other than J(t) in (11) and (12)
may remain dependent on x because of boundary effects.

Tartakovsky and Neuman [this issue (b)] have shown that
when a uniform mean gradient varies rapidly with time, taking
the Laplace transform of (9) yields the local expressions

r̃ @2#~x , l! 5 k# @2#~x , l! J̃~l! (15)

^q̃ @2#~x , l!& 5 2K# eff
@2#~x , l! J̃~l! (16)

where the tilde denotes the Laplace transform, l is the corre-
sponding transform parameter, and

k# @2#~x , l! 5 KG
2 E

V

C~y , x!¹x¹ y
TG̃ ~0!~y , x , l! dy (17)

K# eff
@2#~x , l! 5 KGF 1 1

sY
2

2 G I 2 k# @2#~x , l! . (18)

The latter is a symmetric positive-definite dyadic which consti-
tutes an effective hydraulic conductivity tensor in Laplace
space.

The inverse Laplace transform of (16), considering (17) and
(18), is

^q @2#~x , t!& 5 2KGF 1 1
sY

2

2 G J~t! 1E
0

t

k* @2#~x , t 2 t!J~t! dt

(19)

where

k* @2#~x , t! 5 KG
2 E

V

CY~y 2 x!¹x¹ y
TG ~0!~y , x , t 2 t! dy (20)

is the inverse Laplace transform of (17).
The remainder of this paper is devoted to analytical evalu-

ation, and subsequent exploration, of the effective parameters
in (11), (12), and (19). We start by considering flow through a
box of mildly heterogeneous porous media when mean uni-
form flow varies slowly in space-time and then extend this to
account for arbitrary time variation.

2. Slow Time Variation
2.1. Uniform Flow in a Box

Let the superscript p denote Cartesian coordinates oriented
parallel to the principal directions of anisotropy associated
with the exponential log hydraulic conductivity spatial covari-
ance function

CY~zp! 5 sY
2 expF2S O

i51

3

~ zi
p/l i!

2D 1/ 2G zi
p 5 yi

p 2 xi
p (21)

where l i (i 5 1, 2, 3) are principal integral scales and z p is
a displacement vector. We consider a box with lateral mean
no-flow boundaries separated by finite distances equal to L2

and L3 and two constant head boundaries a distance L1 apart
(Figure 1). The boundaries of the box are parallel to the
principal coordinates. A spatially uniform mean hydraulic gra-
dient J( t) of magnitude J1( t) acts between the Dirichlet
boundaries parallel to x1

p. Then k[2](x, t) in (13) becomes a
directional scalar given by

k1
@2#~xp, t!

5 KG
2E

0

t E
V

CY~yp 2 xp!
2G ~0!~yp, xp, t 2 t!

 x1
p y1

p dyp dt . (22)

By the same token, the mean flux has only one nonzero com-
ponent

^q1
@2#~xp, t!& < 2Keff,1

@2# ~xp, t!J1~t! (23)

Figure 1. Box-shaped flow domain V with Dirichlet and
Neumann boundaries.
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where

Keff,1
@2# ~xp, t! 5 KGF 1 1

sY
2

2 G 2 k1
@2#~xp, t! . (24)

The Green’s function Gs 5 SG(0) for the box satisfies

GS~yp, xp, t 2 t!

t
1 l0¹ ypGS~yp, xp, t 2 t!

5 2d~yp 2 xp!d~t 2 t! (25)

l0 5 KG/S 0 , y1
p , L1 0 , y2

p , L2 0 , y3
p , L3,

subject to homogeneous initial and boundary conditions

GS~yp; xp; 0! 5 0

GS~0, y2
p, y3

p; xp; h! 5 GS~L1, y2
p, y3

p; xp; h! 5 0
(26)

GS

 y2
p ~ y1

p, 0, y3
p; xp; h! 5

GS

 y2
p ~ y1

p, L2, y3
p; xp; h! 5 0

GS

 y3
p ~ y1

p, y2
p, 0; xp; h! 5

GS

 y3
p ~ y1

p, y2
p, L3; xp; h! 5 0

where h 5 t 2 t . The solution to the boundary value problem
(25) and (26) is the product of three one-dimensional solutions
[Carslaw and Jaeger, 1967, p. 361]. These are given for Dirichlet
boundaries by Carslaw and Jaeger’s equation 2 (p. 362) and for
no-flow boundaries by their equation 7 (p. 361). The corre-
sponding triple product is

GS~yp, xp, h!

5
2

L1L2L3
O
m51

`

e2l0p2hm2/L1
2

sin
pmx1

p

L1
sin

pmy1
p

L1

z F 1 1 2 O
n51

`

e2l0p2hn2/L2
2

cos
pnx2

p

L2
cos

pny2
p

L2
G

z F 1 1 2 O
j51

`

e2l0p2hj2/L3
2

cos
pjx3

p

L3
cos

pjy3
p

L3
G . (27)

In terms of normalized length variables xi 5 xi
p/l i, yi 5 yi

p/l i,
zi 5 zi

p/l i, i 5 1, 2, 3, CY in (21) takes the isotropic form

CY~ z! 5 sY
2e2z z 5 uz u 5 uy 2 x u . (28)

Substituting (28) and (27) into (22) and (24), then introduc-
ing the dimensionless variables tD 5 KGt/Sl1

2, l i 5 Li/l i,
x i 5 xi/l i, z i 5 yi/l i, r i 5 « il i, « i 5 l i/l1, i 5 1, 2, 3, leads
to

Keff,1~x , tD! 5 KGF 1 1
sY

2

2 G 2 k1
@2#~x , tD!

(29)
k1

@2#~x , tD! 5 sY
2KG@Dst~x! 2 b~x , tD!#

where k1
[2] is given by (A1), Dst is given by (A3), and b is given

by (A4) in Appendix A. An alternative form for k1
[2] is given by

(A2). The alternative form was found by Paleologos et al. [1996]
to converge faster than (A1) for all but extremely small dis-
tances between the Dirichlet boundaries, and it is therefore
(A2) that we evaluate numerically by Gaussian quadrature
below. Note that K ef f , 1 depends on position in three-

dimensional space and time. As will become clear in the sub-
sequent asymptotic analysis, Dst represents the steady state
component of Keff ,1, and b represents its transient component.

We start by examining the effect of location within the box
on effective hydraulic conductivity. To illustrate this effect we
consider a box of dimensions r1 5 5 and r2 5 r3 5 100. Figure
2 shows how k1

[2](x , tD), normalized by sY
2 KG, varies with

dimensionless time tD at various dimensionless distances x1 5
x1/l1 from the Dirichlet boundaries, sufficiently far from the
lateral no-flow boundaries, so that these have no effect. It is
clearly seen that k1

[2](x , tD) is affected by distance from the
Dirichlet boundaries. Although mass balance requires that this
effect vanish asymptotically as time goes to infinity, Figure 2
demonstrates that the effect may nevertheless persist for long
time.

Theoretically, as the box shrinks to a point, that is, r i 3 0
for all i 5 1, 2, 3, k1

[2](x , tD) 3 0 because the Green’s
function (28) vanishes in this limit. It follows from the first
equation in (29) that Keff ,1 5 KA. As r i 3 ` for all i , k1

[2](x ,
tD) reduces to its infinite domain counterpart originally devel-
oped by Dagan [1982, equation (45)]. It also follows from (A1)
that when tD 3 0, then k1

[2](x , tD) 3 0 and so Keff ,1 5 KA.
Since the time integral of the transient Green’s function tends
asymptotically to the corresponding steady state Green’s func-
tion as tD 3 ` , b(x , tD) 3 0 and thus k1

[2](x , tD) 3
sY

2 KGDst(x).
To explore the effect of box size on k1

[2](x , tD), we evaluate
(A2) at the center of the box where x 5 0.5 for several values
of 2r 5 r1 5 r2 5 r3. The results are shown in Figure 3. They
clearly show that as we expect on theoretical grounds, k1

[2](tD)
diminishes as 2r becomes small. The steady state asymptote of
k1

[2](tD) is virtually equal to its infinite domain theoretical
value of 1/3 [Dagan, 1982, equation (45)] when 2r $ 7. One
further sees that the relaxation time tr, required for transient
effects to dissipate, increases with 2r.

To analyze the behavior of Dst as a function of dimension-
less cube size 2r, we evaluate (A2) for sufficiently large tD. The

Figure 2. Spatial variation of normalized k1
[2] in box with

r1 5 5 and r2 5 r3 5 100.
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result is shown in Figure 4. We see that Dst increases rapidly
with 2r when the latter is small but then tends very slowly to its
asymptotic value of 1/3.

It is important to remember that r i 5 « i l i so that the above
results represent not only an equidimensional box (cube) in a
statistically isotropic Y field but also brick-shaped boxes in
anisotropic fields. Varying 2r in Figures 3 and 4 thus corre-
sponds either to varying box size when integral scales are fixed
(but not necessarily equal), or varying integral scales when box
size and shape are fixed, or both.

2.2. Uniform Flow Between Infinite Dirichlet Boundaries

To complement expressions for effective hydraulic conduc-
tivity previously developed for steady state flow by Paleologos et
al. [1996], we consider the special case where the lateral mean
no-flow boundaries are far relative to l1 so that r2 5 L2/l1

and r3 5 L3/l1 are very large and mathematically infinite. To
be consistent with Paleologos et al. [1996], we place the origin
of the Cartesian coordinates midway between the Dirichlet
planes so that they are spaced a distance 2L apart along the x1

axis (Figure 5).
Like Paleologos et al. [1996], we evaluate k1

[2](x, tD) midway
between the Dirichlet plates at x 5 0. For this point, Dst in (29)
is given by (B1) and b(tD) by either (B2) or (B3), where 2r 5
2L/l1. We show in Appendix C1 that (B1) is the compact sum
of infinite series solutions given by (19) or (21) of Paleologos et
al. [1996]. For statistically isotropic media, Dst is given by (B6)
and b(tD) is given by either (B7) or (B8).

When r3 `, (B1) and (B2) reduce to (B13). In the special
anisotropic case where «2 5 «3 5 «, the steady state part of
(B12) can be integrated (Appendix D) to obtain

Dst 5
«2

~1 2 «2!3/ 2 F 1
2 ln

1 1 Î1 2 «2

1 2 Î1 2 «2 2 Î1 2 «2G 0 # « # 1

Dst 5 1/3 « 5 1 (30)

Dst 5
«2

~1 2 «2!3/ 2 F2
p

2 1 arcctn Î«2 2 1 1 Î«2 2 1G
« $ 1.

From expansions of ln x and arcctn x [Dwight, 1961, equation
601.2, p. 137, equation 506.1, p. 119] it follows that this new

1Appendixes C–E are available with entire article on microfiche.
Order by mail from American Geophysical Union, 2000 Florida Ave-
nue, N. W., Washington, DC 20009 or by phone at 800-966-2481; $2.50.
Document W97-002. Payment must accompany order.

Figure 3. Normalized k1
[2] versus dimensionless time tD for

various dimensionless box sizes 2r 5 r1 5 r2 5 r3.

Figure 4. Steady state component of normalized k1
[2], Dst,

versus dimensionless box size 2r 5 r1 5 r2 5 r3. Horizontal
line represents asymptote for 2r 3 `.

Figure 5. Flow domain V between infinite planar Dirichlet
boundaries.
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expression for Dst(«) is continuous at « 5 1, where it reduces
to the well-established isotropic value of 1/3. For statistically
isotropic media, (29) and (B13) reduce to (45) of Dagan [1982].

Since (B1) was developed under the condition r . 0, it
cannot be used to derive the formal limit of k1

[2] as r 3 0.
However, (B1) derives from (C23),

k1
@2#~tD!

sY
2KG

5 p O
n51

`

n2 E
2`

1` E
2`

1` 1 2 e2~p2n2/r21~k*2/«2!21~k*3/«3!2!tD

p2n21@~k*2/«2!
21~k*3/«3!

2#r2

z F~21!n11e2rÎ11k*2S 1

Î11k*21
2r

~11k*2!r21p2n2D
1

2r

~11k*2!r21p2n2G r2 dk*2 dk*3
~11k*2!r21p2n2 . (31)

where k*2 5 k*2
2 1 k*3

2. It was shown by Paleologos et al.
[1996] that the steady state part of (31) tends to zero as r3 0.
The same is true for the transient part (Appendix D).

The limit «2 5 «3 5 «3 0 corresponds to mean flow parallel
to channels with mutually uncorrelated hydraulic conductivities.
Then lim

«30
k1

[2](tD) 5 0 and Keff,1 reduces to the arithmetic mean,
KA. The limit «2 5 «3 5 « 3 ` corresponds to mean flow
perpendicular to a stratified formation. Then lim

«3`
Dst 5 1,

and Keff,1 reduces to the harmonic mean, KH. The limit of
b(tD) as « 3 ` varies between the bounds lim

«3`
b(tD 5 0) 5

1 and lim
«3`

b(tD 3 `) 5 0.
Figure 6a shows how the steady state component of

k1
[2](tD), Dst, in (B6) varies with the dimensionless distance 2r

between mean Dirichlet boundaries. It can be seen that at
2r $ 7, Dst is virtually equal to its asymptotic value of 1/3
corresponding to an infinite domain. Thus a separation dis-
tance of about seven integral scales between the Dirichlet
boundaries is enough to consider the medium as being un-
bounded for the purpose of assigning to it an effective hydrau-
lic conductivity. Our Figure 6a differs slightly from Figure 2 of
Paleologos et al. [1996], particularly in that our Dst reaches the
asymptote faster. While in their figure Dst reaches 96% of its
asymptotic value of 1/3 at 2r 5 20, in our figure it reaches it at
2r 5 4.4. As our expression for Dst is obtained by analytical
summation of the infinite series used by Paleologos et al. [1996]
to express Dst, it is less prone to numerical error and we
therefore expect our computational results to be somewhat
more accurate. Our semilog plot of the same curve in Figure 6b
shows that Dst approaches its asymptote at a near-exponential
rate. Figure 7 shows how b(tD) in (B8) varies with dimension-
less time when 2r 5 1, 3, and `. It can be seen that at a
separation distance of about three integral scales, the effect of
Dirichlet boundaries on the transient behavior of effective
hydraulic conductivity, midway between these boundaries, is
practically zero.

Figures 8 and 9 demonstrate the influence of anisotropy
ratio «2 5 «3 5 « on the steady state and transient components
of k1

[2](tD) in (30) and (B13), respectively. Figure 8 depicts the
manner in which Dst increases with « from 0 to its theoretical
asymptotic value of 1. Figure 9 demonstrates that both the
contribution of b(t) to k1

[2](tD), and the relaxation time tr,
increase with the anisotropy ratio «.

3. Arbitrary Time Variation
When the uniform mean hydraulic gradient J1(t) varies ar-

bitrarily with time, the mean flux is given by the time-nonlocal
expression (19). The kernel k*[2](x, tD) of the corresponding
time-convolution integral can be obtained either directly from
(20) or indirectly via [Tartakovsky and Neuman, this issue (b),
(75)]

k*1@2#~x , tD! 5 2
Keff,1

@2# ~x , tD!

tD

5
k1

@2#~x , tD!

tD

5 2sY
2KG

b~x , tD!

tD
. (32)

Applying (31) to (A1) or (A2) yields k*1
[2] (x, tD) for our

box in the form of (A5) or (A6), respectively. Evaluating (A6)
numerically at x1 5 0.1, 0.2, 0.3, 0.5, far from mean no-flow
boundaries, shows that k*1

[2] varies with distance from the
mean Dirichlet boundaries (Figure 10). A comparison of Fig-
ures 10 and 2 demonstrates that this spatial variation is less
pronounced for k*1

[2] than for k1
[2]. Below we evaluate the

former at the midpoint of each flow domain.
In the box the midpoint lies at x 5 0.5. The corresponding

time behaviors of k*1
[2] (tD) (normalized by sY

2 KG) at differ-
ent values of 2r 5 r1 5 r2 5 r3 are illustrated in Figure 11. A
comparison of Figures 11 and 3 demonstrates that k*1

[2](tD) is
less sensitive to 2r than is k1

[2](tD). If the domain is bounded
by two infinite Dirichlet planes, its midpoint is placed at x 5 0.
Figure 12 shows how normalized k*1

[2](tD) varies with tD in
statistically isotropic media for dimensionless distances 2r 5 1,
3, ` when b(tD) is given by (B8). Figure 13 illustrates the same
for infinite statistically anisotropic media with b(tD) given by
(B12). Comparisons of Figure 12 with Figure 7 and of Figure
13 with Figure 9 demonstrate that the kernel k*1

[2](tD) is less
sensitive to location between Dirichlet boundaries, and to sta-
tistical anisotropy, than is k1

[2](tD).
Tartakovsky and Neuman [this issue (b)] found previously

that in an infinite three-dimensional statistically isotropic do-
main, the effect of temporal nonlocality is small for sY

2 # 1
when the mean hydraulic gradient is spatially uniform. Figures
11 and 12 suggest that the same is true for anisotropic bounded
domains.

4. Conclusions
Our analysis leads to the following conclusions:
1. On the basis of the nonlocal formalism of transient flow

in randomly heterogeneous media developed by Tartakovsky
and Neuman [this issue (a)], we derived first-order analytical
expressions for effective hydraulic conductivity under three-
dimensional transient flow through a boxed-shaped domain
due to a mean hydraulic gradient that varies slowly in space
and time. When the mean gradient varies rapidly in time, the
Laplace transform of the mean flux is local but its real-time
equivalent includes a temporal convolution integral; we devel-
oped analytical expressions for the real-time kernel of this
convolution integral. The box is embedded within a statistically
homogeneous natural log hydraulic conductivity field Y 5 ln K
that is Gaussian and exhibits an anisotropic exponential spatial
correlation structure.
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2. Under transient flow, both the effective hydraulic con-
ductivity and the time-convolution kernel vary with distance
from the mean prescribed head boundaries, the first to a
greater extent than the second. Although mass balance re-
quires that this effect vanish asymptotically as flow approaches
steady state, it nevertheless persists for a considerable time.

3. Both the residual component of the effective hydraulic
conductivity and the time-convolution kernel diminish as the
ratio between box dimensions and integral scales of Y becomes

small. The relaxation time required for transient effects to
dissipate increases with this ratio, as does the residual compo-
nent of the of the steady state effective hydraulic conductivity
of a box.

4. Our results generalize, and simplify, expressions ob-
tained previously by Paleologos et al. [1996] for the steady state
effective hydraulic conductivity of a domain bounded by two
mean constant head Dirichlet boundaries of infinite extent. We
also developed a simple new expression for the steady state

Figure 6. (a) Arithmetic and (b) semilogarithmic plots of steady state component of normalized k1
[2], Dst,

versus dimensionless distance 2r between infinite Dirichlet boundaries in isotropic domain. Horizontal line
represents asymptote for 2r 3 `.
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effective hydraulic conductivity of an infinite domain that is
isotropic in the plane of any two principal Cartesian coordi-
nates when mean flow takes place parallel to one of them.
Limiting cases include mean flow parallel to channels with
mutually uncorrelated hydraulic conductivities and mean flow
perpendicular to random strata.

5. In the case of steady state flow between two parallel
mean Dirichlet boundaries, a separation distance of about
seven integral scales between them is enough to consider the
distance infinite when the lateral mean no-flow boundaries are

separated by equal or larger distances. The corresponding ef-
fective conductivity approaches its infinite-domain asymptote
at a near-exponential rate with separation distance between
the mean Dirichlet boundaries.

6. Our expressions for effective hydraulic conductivity are
nominally limited to mildly heterogeneous media with log con-
ductivity variance sY

2 , 1. Paleologos et al. [1996] employed
the Landau and Lifshitz [1960] conjecture to extend their steady
state effective conductivity expressions into the domain of
strongly heterogeneous media with sY

2 $ 1, and the same could be

Figure 7. Transient component of normalized k1
[2], b(tD),

versus dimensionless time tD for various dimensionless dis-
tances 2r between infinite Dirichlet boundaries in isotropic
domain.

Figure 8. Steady state component of normalized k1
[2], Dst, in

infinite domain versus anisotropy ratio «.

Figure 9. Transient component of normalized k1
[2], b(tD),

in infinite domain versus dimensionless time tD for various
anisotropy ratios «.

Figure 10. Spatial variation of normalized kernel k*1
[2] in box

with r1 5 5 and r2 5 r3 5 100.
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done with our expressions. The circumstances under which this
might be valid for transient expressions remain unexplored.

7. Tartakovsky and Neuman [this issue (b)] found previ-
ously that in an infinite statistically isotropic domain with mild
heterogeneity, the effect of temporal nonlocality is small when
the mean hydraulic gradient is spatially uniform. We found the
same to be true for anisotropic bounded domains.

8. The effective hydraulic conductivity we speak of repre-
sents ensemble averages (expectations) of values one would
obtain by performing measurements on porous blocks selected

at random from a statistically homogeneous medium and sub-
jected to a spatially uniform hydraulic gradient that varies
slowly in time. When the block size is very small, the average of
measured hydraulic conductivities is their arithmetic mean,
and the variance of their natural logarithms is sY

2 , the variance
of Y . As block size increases, the mean of the measurements
diminishes towards a nonzero asymptote while their variance
reduces asymptotically to zero. The same holds true in Laplace
space when the mean hydraulic gradient varies rapidly in time
but not in space.

Appendix A
Substituting (28) and (27), written in terms of normalized

coordinates x and box dimensions l i 5 Li/l i, (i 5 1, 2, 3),
into (22) and (24), then introducing the dimensionless vari-
ables x i 5 xi/l i, z i 5 yi/l i, r i 5 « il i, « i 5 l i/l1, tD 5
KGt/Sl1

2 leads to the following expression for k1
[2],

k1
@2#~x , tD!

sY
2KG

5
2p2

r1
2 E

0

tD E
0

1 E
0

1 E
0

1

exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2

1 ~x3 2 z3!
2r3

2!1/ 2# O
m51

`

m2e2p2hDm2/r1
2

cos pmx1 cos pmz1

z F 1 1 2 O
n51

`

e2p2hDn2/r2
2

cos pnx2 cos pnz2G
z F 1 1 2O

j51

`

e2p2hDj2/r3
2

cos pjx3 cos pjz3G dz3 dz2 dz1 dtD.

(A1)

Figure 11. Normalized kernel k*1
[2] versus dimensionless

time tD for various dimensionless box sizes 2r 5 r1 5 r2 5 r3.

Figure 12. Normalized kernel k*1
[2] versus dimensionless

time tD for various dimensionless distances 2r between infinite
Dirichlet boundaries in isotropic domain.

Figure 13. Normalized kernel k*1
[2] in infinite domain versus

dimensionless time tD for various anisotropy ratios «.
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Using the method of images (Appendix E) yields, with the aid
of Poisson’s summation formula [Stakgold, 1979, equation
(3.28), p. 140], an alternative expression for k1

[2]:

k1
@2#~x , tD!

sY
2KG

5
r1r2r3

8p3/ 2 E
0

tDE
0

1E
0

1E
0

1

hD
25/ 2 exp @2~~x1 2z1!

2r1
2

1 ~x2 2 z2!
2r2

2 1 ~x3 2 z3!
2r3

2!1/ 2#

z O
m52`

` H F 1
2 2

r1
2~x1 1 z1 1 2m!2

4hD
G

z exp @2~x1 1 z1 1 2m!2r1
2/4hD#

1 F 1
2 2

r1
2~x1 2 z1 1 2m!2

4hD
G

z exp @2~x1 2 z1 1 2m!2r2/4hD#J
z O

n52`

`

$exp @2r2
2~x2 1 z2 1 2n!2/4hD#

1 exp @2r2
2~x2 2 z2 1 2n!2/4hD#%

z O
j52`

`

$exp @2r3
2~x3 1 z3 1 2j!2/4hD#

1 exp @2r3
2~x3 2 z3 1 2j!2/4hD#% dz3 dz2 dz1 dhD. (A2)

Evaluating the time integral in (A2) yields k1
[2](x , tD) 5

sY
2 KG[Dst(x) 2 b(x , tD)] where

Dst~x!52E
0

1E
0

1E
0

1

exp @2~~x12z1!
2r1

21~x22z2!
2r2

21~x32z3!
2r3

2!1/ 2#

z O
m51

`

cos pmx1 cos pmz1 dz3 dz2 dz1 1
4
r1

2 E
0

1E
0

1E
0

1

z exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2 1 ~x3 2 z3!
2r3

2!1/ 2#

z O
n51

` O
m51

`

m2
cos pmx1 cos pmz1 cos pnx2 cos pnz2

m2/r1
2 1 n2/r2

2

z dz3 dz2 dz1 1
4
r1

2E
0

1E
0

1E
0

1

exp @2~~x1 2 z1!
2r1

2

1 ~x2 2 z2!
2r2

2 1 @x3 2 z3!
2r3

2)21/ 2] O
j51

` O
m51

`

m2

z
cos pjx3 cos pjz3 cos pmx1 cos pmz1

m2/r1
2 1 j2/r3

2 dz3 dz2 dz1

1
8
r1

2 E
0

1E
0

1E
0

1

exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2

1 ~x3 2 z3!
2r3

2)1/ 2] O
l51

` O
n51

` O
m51

`

m2

z
cos pmx1 cos pmz1 cos pnx2 cos pnz2 cos plx3 cos plz3

m2/r1
2 1 n2/r2

2 1 l2/r3
2

z dz3dz2dz1 (A3)

and
b~x, tD! 5 2E

0

1E
0

1E
0

1

exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2

1 ~x3 2 z3!
2r3

2!1/ 2# O
m51

`

e2p2m2tD/r1
2

cos pmx1 cos pmz1 dz3 dz2 dz1

1
4
r1

2 E
0

1 E
0

1 E
0

1

exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2

1 ~x3 2 z3!
2r3

2!1/ 2# O
n51

` O
m51

`

m2
e2p2~m2/r1

21n2/r2
2!tD

m2/r1
21n2/r2

2

z cos pmx1 cos pmz1 cos pnx2 cos pnz2 dz3 dz2 dz1

1
4
r1

2 E
0

1 E
0

1 E
0

1

exp @2~~x12z1!
2r1

21~x22z2!
2r3

2

1~x32z3!
2r3

2!1/ 2# O
j51

` O
m51

`

m2
e2p2~m2/r1

21j2/r3
2!tD

m2/r1
21j2/r3

2

z cos pmx1 cos pmz1 cos pjx3 cos pjz3 dz3 dz2 dz1

1
8
r1

2 E
0

1E
0

1E
0

1

exp @2~~x1 2 z1!
2r1

2 1 ~x2 2 z2!
2r2

2

1~x32z3!
2r3

2!#1/ 2] O
j51

` O
n51

` O
m51

`

m2
e2p2~m2/r1

21n2/r2
21j2/r3

2!tD

m2/r1
21n2/r2

21j2/r2
2 cos pmx1

z cos pmz1z cos pnx2 cos pnz2 cos pjx3

z cos pjz3 dz3 dz2 dz1. (A4)

Taking the time derivative of (A1) and (A2) yields, respec-
tively,

k*1@2#~x , tD!

sY
2KG

5
2p2

r1
2 E

0

1 E
0

1 E
0

1

exp @2~~x1 2 z1!
2r1

2

1 ~x2 2 z2!
2r2

2 1 ~x3 2 z3!
2r3

2!1/ 2#

z O
m51

`

m2e2p2tDm2/r1
2

cos pmx1 cos pmz1

z F 1 1 2 O
n51

`

e2p2tDn2/r2
2

cos pnx2 cos pnz2G
z F1 1 2O

j51

`

e2p2tDj2/r3
2

cos pjx3 cos pjz3G dz3 dz2 dz1 (A5)
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and

k*1@2# ~x , tD!

sY
2KG

5
r1r2r3

8p3/ 2 E
0

1E
0

1E
0

1

tD
25/ 2 exp [2~~x1 2 z1!

2r1
2

1 ~x2 2 z2!
2r2

2 1 ~x3 2 z3!
2r3

2!1/ 2]

z O
m52`

` H F 1
2 2

r1
2~x1 1 z1 1 2m!2

4tD
G

z exp @2~x1 1 z1 1 2m!2r1
2/4tD#

1 F 1
2 2

r1
2~x1 2 z1 1 2m!2

4tD
G

z exp @2~x1 2 z1 1 2m!2r2/4hD#J
z O

n52`

`

$exp @2r2
2~x2 1 z2 1 2n!2/4tD#

1 exp @2r2
2~x2 2 z2 1 2n!2/4tD#%

z O
j52`

`

$exp @2r3
2~x3 1 z3 1 2j!2/4tD#

1 exp @2r3
2~x3 2 z3 1 2j!2/4tD#% dz3 dz2 dz1. (A6)

Appendix B
The steady state and transient components of k1

[2](0, tD) are
derived in Appendix C. From (C49) and (C26) it follows that

Dst 5
1

2p E
k*50

` E
u50

2p

k*H 1
B~ A 1 B!2 1

A2 1 B2

B~ A2 2 B2!2

2
e2rB 2 1

2
2 A

~ A2 2 B2!2

2
e2rA 2 1 2

e2rB

~ A2 2 B2!2

z FA2 1 B2

B 2 2r~ A2 2 B2!G sinh21~rB!

1
A@2B 2 r~ A2 2 B2!#e2rB

B~ A2 2 B2!2 sinh21~rA!

1
r

A2 2 B2 @e22rB 2 1# sinh22~rB!J du dk* (B1)

where A and B are defined in (B4) below. By virtue of (C24)
and (C25),

b~tD! 5 p O
n51

` E
k*50

1` E
u50

2p

k*e2A2tD f2~n , k*, u , tD! du dk*

(B2)

f2 5
n2r2e2p2n2r22tD

~p2n2 1 r2A2!~p2n2 1 r2B2!

z F 2r

p2n2 1 r2B2 1 ~21!n11e2rB S 1
B 1

2r

p2n2 1 r2B2D G .

Analogously, by virtue of (C67) and (C63) with j 5 k*2,
recalling from (C23) that k92l1

2 5 A2,

b~tD! 5 p E
k*50

` E
u50

2p

k*e2A2tDp~k*, u , tD! du dk*,

2p~j , u , tD!

5 n1 O
m52`

`

e2umuÎd erfc b1~2m! 1n1 O
m52`

`

e22umuÎd erfc b2~2m!

1 n2 O
m52`

`

um u e2umuÎd erfc b1~2m! 2 n2 O
m52`

`

um u

z e22umuÎd erfc b2~2m! 2 n3 O
m52`

`

e2umuÎd e2b1
2~2m!

2 n3 O
m52`

`

e22umuÎd e2b2
2~2m! 1 n4 O

m52`

`

e2umuÎa erfc g1~2m!

1 n4 O
m52`

`

e22umuÎa erfc g2~2m! 2 n5 O
m52`

`

e u2m11uÎd

z erfc b1~2m 1 1! 2 n5 O
m52`

`

e2u2m11uÎd erfc b2~2m 1 1!

2 n6 O
m52`

`

u2m 1 1 u e u2m11uÎd erfc b1~2m 1 1!

1 n6 O
m52`

`

u2m 1 1 u e2u2m11uÎd erfc b2~2m 1 1!

1 n7 O
m52`

`

e u2m11uÎd e2b1
2~2m11! 1n7 O

m52`

`

e2u2m11uÎd e2b2
2~2m11!

2 n8 O
m52`

`

e u2m11uÎa erfc g1~2m 1 1!

2 n8 O
m52`

`

e2u2m11uÎa erfc g2~2m 1 1! . (B3)

The coefficients in (B1)–(B3) are defined in (C26), (C65), and
(C66) as

a 5 A2r2 d 5 B2r2

A2 5 ~k*2/«2!
2 1 ~k*3/«3!

2 5 k*2R1
2 (B4)

R1
2 5

sin2u

«3
2 1

cos2u

«2
2 B2 5 1 1 k*2

n1 5
etD~11k*2!

2p2Î1 1 k*2 H 2~1 1 k*2!

~R1
2k*2 2 1 2 k*2!2 1

1 1 2tD~1 1 k*2!

R1
2k*2 2 1 2 k*2J

n2 5
retD~11k*2!

p2~R1
2k*2 2 1 2 k*2!
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n3 5
ÎtD etD~11k*2!

p5/ 2~R1
2k*2 2 1 2 k*2!

n4 5 2
R1k*etDR1

2k*2

p2~R1
2k*2 2 1 2 k*2!2

n5 5 e2rÎ11k*2 H n1 1
retD~11k*2!

2p2~R1
2k*2 2 1 2 k*2!J

n6 5
n2

2 e2rÎ11k*2, n7 5 n3e2rÎ11k*2 (B5)

n8 5 e2rÎ11k*2 H n4 1
rR1k*etDR1

2k*2

2p2Î1 1 k*2~R1
2k*2 2 1 2 k*2!

J
b1~m! 5 ÎtD~1 1 k*2! 1

r um u
2 ÎtD

b2~m! 5 ÎtD~1 1 k*2! 2
r um u
2 ÎtD

g1~m! 5 ÎtDR1k* 1
r um u
2 ÎtD

g2~m! 5 ÎtDR1k* 2
r um u
2 ÎtD

.

Expression (B2) is based on an eigenfunction expansion of the
Green’s function, expression (B3) on the method of images.

For statistically isotropic media «2 5 «3 5 1, R1 5 1, and
the order of integration in (B1)–(B3) is reduced by one,

Dst 5
1
3 1

1
2 E

0

` H 2j 1 1

Î1 1 j

2

e2rÎ11j 2 1
2

4 Îj

e2rÎj 2 1

2 e2rÎ11j F 2j 1 1

Î1 1 j
1 2rG sinh21 ~r Î1 1 j!

1 Îj F 2 1
r

Î1 1 j
G e2rÎ11j sinh21 ~r Îj!

2 r@e22rÎ11j 2 1# sinh22 ~r Î1 1 j!J dj (B6)

where the leading term 1/3 represents the first integral in (B1).
Setting k*2 5 j in (B2) and (B3) and then integrating over u
leads to

b~tD! 5 p2 O
n51

` E
j50

`

e2jtDf2~n , j , tD! dj

f2 5
n2r2e2p2n2r22tD

~p2n2 1 r2j!~p2n2 1 r2@1 1 j#!

z F ~21!n11e2rÎ11jS 1

Î1 1 j
1

2r

p2n2 1 r2@1 1 j#D
1

2r

p2n2 1 r2@1 1 j#G . (B7)

From (B3),

b~tD! 5
1
3 b3~tD! 1 E

0

`

p~j , tD! dj (B8)

where b3(tD)/3 is the integral with respect to j of the first
three terms in (C70). According to (D14)–(D28),

b3~tD! 5 22 ÎtD

p
1 ~1 1 2tD!etD erfc ÎtD. (B9)

The function p(j , tD) represents the remaining terms in
(C70),

2p~j , tD!
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e2mrÎ11j erfc @b1~2m!#

1 n1 O
m51

`

e22mrÎ11j erfc @b2~2m!#

1 n2 O
m51

`

e2mrÎ11j erfc @b~2m!#

2 n2 O
m51

`

me22mrÎ11j erfc @b2~2m!#

2 n3 O
m51
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`

e22mrÎ11j e2b2
2~2m!

1 n4 O
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`
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`
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`
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where, from (C68),

n1 5 etDF ~1 2 tD! Î1 1 j 2
1

2 Î1 1 jG
n2 5 2retD
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n3 5 2ÎtD

p
etD n4 5 2Îj

n5 5 e2rÎ11jH n1 2
r

2 etDJ (B11)

n6 5
n2

2 e2rÎ11j n7 5 n3e2rÎ11j

n8 5 e2rÎ11jH n4 2
r Îj

2 Î1 1 j
J

and from (C69),

b1~m! 5 ÎtD~1 1 j! 1
r um u
2 ÎtD
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r um u
2 ÎtD

g1~m! 5 ÎtDj 1
r um u
2 ÎtD

g2~m! 5 ÎtDj 2
r um u
2 ÎtD

. (B12)

Taking the limit r 3 ` in (B1) and (B3) yields

k1
@2#~tD!

sY
2KG

5 Dst 2 b~tD!

Dst 5
1

4p E
j50

` E
u50

2p du dj
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where

n1 5
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2p2Î1 1 k*2 H 2~1 1 k*2!

~R1
2k*2 2 1 2 k*2!2 1

1 1 2tD~1 1 k*2!

R1
2k*2 2 1 2 k*2J

n3 5
ÎtDetD~11k*2!

p5/ 2~R1
2k*2 2 1 2 k*2!

(B14)

n4 5 2
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2k*2

p2~R1
2k*2 2 1 2 k*2!2

b 5 Î~1 1 k*2!tD g 5 R1k* ÎtD.
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